We investigate the entanglement properties of the joint state of a distinguished quantum system and its environment in the quantum Brownian motion model. This model is a frequent starting point for investigations of environment-induced superselection. Using recent methods from quantum information theory, we show that there exists a large class of initial states for which no entanglement will be created at all times between the system of salient interest and the environment. If the distinguished system has been initially prepared in a pure Gaussian state, then entanglement is created immediately, regardless of the temperature of the environment and the nonvanishing coupling. DOI: 10.1103/PhysRevLett.89.137902 PACS numbers: 03.67.-a, 03.65.Yz, 05.40.Jc No quantum system is completely isolated from its environment. This basic yet fundamental observation has been one of the key insights allowing an appropriate understanding of the dynamical emergence of classical properties in quantum systems. Not all initial states are equally fragile under the interaction of a distinguished quantum system with its environment, and a relatively robust set of so-called preferred or pointer states is selected dynamically, a process typically referred to as environment-induced superselection (einselection) or simply decoherence. This process is thought to play an important role in the transition from quantum to classical [1, 2] . The most frequently employed model in investigations of einselection is the quantum Brownian motion model [3, 4] . In this model one considers a distinguished quantum oscillator which is linearly coupled via the position operators to an environment consisting of many harmonic oscillators. Initially, the state of the system of interest and its environment are assumed to be uncorrelated, and the state of the environment is taken to be the canonical (Gibbs) state with respect to some temperature. The typical argument is that starting from the initial situation, the product state of the composite quantum system turns into a correlated state due to the interaction. If one considers the reduced state of the distinguished system, one finds that it undergoes dissipation and decoherence. In the context of quantum Brownian motion, it is often argued that entanglement is unavoidable.
No quantum system is completely isolated from its environment. This basic yet fundamental observation has been one of the key insights allowing an appropriate understanding of the dynamical emergence of classical properties in quantum systems. Not all initial states are equally fragile under the interaction of a distinguished quantum system with its environment, and a relatively robust set of so-called preferred or pointer states is selected dynamically, a process typically referred to as environment-induced superselection (einselection) or simply decoherence. This process is thought to play an important role in the transition from quantum to classical [1, 2] . The most frequently employed model in investigations of einselection is the quantum Brownian motion model [3, 4] . In this model one considers a distinguished quantum oscillator which is linearly coupled via the position operators to an environment consisting of many harmonic oscillators. Initially, the state of the system of interest and its environment are assumed to be uncorrelated, and the state of the environment is taken to be the canonical (Gibbs) state with respect to some temperature. The typical argument is that starting from the initial situation, the product state of the composite quantum system turns into a correlated state due to the interaction. If one considers the reduced state of the distinguished system, one finds that it undergoes dissipation and decoherence. In the context of quantum Brownian motion, it is often argued that entanglement is unavoidable.
It is the aim of this Letter to revisit the question of the creation of entanglement in quantum Brownian motion with recent powerful methods from quantum information theory [5, 6] . Our analysis will be split into two parts. In the first part we will show that surprisingly, quantum Brownian motion does not necessarily create entanglement between the distinguished system and its environment. The joint state of the system and its environment may be separable at all times, that is, not entangled [7, 8] : All correlations are merely classical in the sense that one could prepare the same state by mixing product states, which can in turn be prepared by implementing local quantum operations only. By definition, separable states do not violate any Bell inequality. We explicitly construct initial states with the property that no entanglement is created: they are mixed Gaussian states which are nevertheless different from Gibbs states. In contrast to the finite-dimensional setting, where a high degree of mixing automatically implies separability [9] , the existence of such initial states is not obvious [10] . The second part of our analysis is concerned with the question whether there exist initial states of the distinguished oscillator for which the joint state becomes immediately entangled. This question will be answered positively, and it will be shown that all pure Gaussian states have this property, regardless of the initial temperature of the environment.
From now on the distinguished quantum oscillator will be called S, and the environment will be referred to as E. In the quantum Brownian motion model [3, 4] 
The frequencies ! 1 ; . . . ; ! N1 and coupling constants 2 ; . . . ; N are taken to be positive. For convenience, we set ! 1 1, all masses to be equal, m j 1 for j 1; . . . ; N 1, and we require that the N 1 N 1-matrix V corresponding to the potential energy is positive, where V 1;1 ! 2 1 =2 and V j;j ! 2 j =2, V 1;j V j;1 ÿ j for j 2; :::; N 1, and all other entries of V are zero. Typically, one assumes product initial conditions [3, 4] , 0 S 0 E 0 , where the environment is initially in the Gibbs state E 0 expÿH E = trexpÿH E associated with some inverse temperature . This model together with the above additional assumptions will later be referred to as the QBM model (quantum Brownian motion model) in the more specific sense. The time evolution of the reduced state with respect to S can be determined without approximations [4] : for all VOLUME 89, NUMBER 13 We will first clarify the notation that will be used subsequently. It will turn out to be appropriate not to investigate the state on the infinite-dimensional Hilbert space of the joint system directly, but rather its associated covariance matrix. Throughout the paper we will make repeated use of the formalism of covariance matrices and their manipulation by means of symplectic transformations [11] [12] [13] . The 2n canonical self-adjoint operators corresponding to position and momentum of a system with n degrees of freedom can be collected in a vector O O 1 ; . . . ; O 2n X 1 ; P 1 ; . . . ; X n ; P n . The canonical commutation relations (CCR) can then be written in matrix form as O j ; O k i 2n j;k , giving rise to the skew-symmetric block diagonal real 2n 2n-matrix 2n (or when the size of the matrix is clear from the context). Gaussian states, which are defined through their property that the characteristic function is a Gaussian function in phase space, can be characterized in a convenient way through their moments. The first moments hO j i , j 1; . . . ; 2n, are the expectation values of the canonical coordinates. The 2n 2n covariance matrix ÿ,
satisfying the Heisenberg uncertainty principle ÿ i 0, embodies the second moments of a state . For later considerations we give the set of covariance matrices of a system with n degrees of freedom the name C 2n : fÿ 2 M 2n : ÿ ÿ T ; ÿ i 0g, where M 2n is the set of real 2n 2n matrices. Particularly important will be covariance matrices of Gibbs states expÿH=trexpÿH with respect to a Hamiltonian H and the inverse temperature , which are important examples of Gaussian states. For brevity, the corresponding covariance matrix will from now on be denoted as ÿH. We will frequently employ linear transformations from one set of canonical coordinates to another which preserves the CCR, meaning that SS T . Such transformations form the group of (real linear) symplectic transformations Sp2n; R. A symplectic transformation S 2 Sp2n; R results in a change of the covariance matrix according to ÿ ‫ۋ‬ SÿS T ; on the level of the states it is associated with a unitary operation ‫ۋ‬ USUS y .
We are now able to state the first proposition. It is concerned with the fact that there exist initial states of the distinguished system and an initial temperature of the environment such that the joint state stays separable for all times. In the second part of the proof a lower bound for the required inverse temperature of the bath will be given. 
ÿH H 2j;2j f! ! j ! ! j ; j 1; . . . ; N 1, where the function f : R ! R is defined as fx 1 2=expx ÿ 1. Let > 0 be defined as above. We now show that
The largest eigenvalue of V is given by its operator norm kVk [14] . . Now we need to invoke the concept of partial transposition. It has been shown in Ref. [11] that in a system consisting of one oscillator in a system S and N oscillators in an environment E, a Gaussian state is separable iff its partial transpose is a quantum state. By using the matrix T E : 2 ÿ 2N , the criterion can also be written in the form that a state with covariance matrix ÿ VOLUME 89, NUMBER 13 P
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137902-2 137902-2 is separable if and only if ÿ i T E 0 [11] . The next step is to see that with > 0 as in Eq. (1)
T T ÿH HT i T E 1 2N2 i T E 0;
since ki T E k 1 and T 2 SO2N 2. Equipped with these tools, one can construct a class of product initial states such that the joint state of the system and its environment is separable at all times. These are of the form states S 0 E 0 , where E 0 expÿH E = trexpÿH E with respect to a certain inverse temperature > 0. E 0 is a Gaussian state, and the state of the distinguished system S 0 is taken to be Gaussian as well. On the level of covariance matrices such an initial state is represented as ÿ 0 ÿ [14] . Since it is a symmetric matrix, diagonal dominance implies that ÿ 0 ÿ T T ÿH HT is a positive matrix. From the definition of the covariance matrix ÿH H one can infer that ÿ 0 ÿ T T ÿH HT 0 is equivalent to the requirement ÿ S 0 ÿH E ÿH, which is the inequality in Proposition 1 giving rise to the lower bound for .
Since the Hamiltonian H is a quadratic polynomial in the canonical coordinates, time evolution 0 ‫ۋ‬ t U t 0 U y t is affected by a symplectic transformation on the level of covariance matrices. There exists a continuous map t 2 0; 1 ‫ۋ‬ S t 2 Sp2N 2; R, such that given a covariance matrix ÿ 0 2 C 2N2 at time t 0, the covariance matrix of t becomes ÿ t : S t ÿ 0 S T t . The aim is to show that this matrix corresponds to a separable state, i.e., ÿ t i T E 0 for all times. As ÿH is the covariance matrix of a Gibbs state with respect to H, S t ÿHS T t ÿH for all t 2 0; 1, and hence, S t ÿHS
for all t 2 0; 1. As the state was initially a Gaussian state, it remains Gaussian under time evolution. Having a positive partial transpose is equivalent to being separable for systems where one of the parts consists of only one oscillator, which means that we can conclude that ÿ t corresponds to a separable state for all times. So we have shown that for these initial conditions, no entanglement will be created at all times. At this point, a remark might be appropriate concerning the inverse temperature in Proposition 1. The question of the behavior of is particularly relevant when one performs a continuum limit as is typically done when deriving quantum master equations. In this context, it is of interest to see that a lower bound for can be found that is independent of the number of oscillators. We consider a sequence of Hamiltonians fH N g 1 N1 of a joint system with an environment consisting of N oscillators, each equipped with a coupling constant In turn, having this observation in mind, one may ask whether there are initial states S 0 for which one can be sure that entanglement will be created immediately, no matter how weak the interaction is between the system and its environment, and given any possibly very high initial temperature of the environment. We shall see that there exist such states: all pure Gaussian states have this property. To summarize, we have investigated the entanglement properties of the joint state of a distinguished system and its environment in quantum Brownian motion. Surprisingly, we found that there exists a large set of initial states of the system for which no entanglement is created at all times. Also, we have shown that for pure initial Gaussian states of the distinguished system entanglement will be immediately created. The tools we used were mostly taken from the field of quantum information theory. In fact, we hope that this Letter can contribute to the line of thought of applying methods from quantum information theory to the issue of emerging classicality in quantum physics. This means that the continuum limit may be performed, and the temperature of the environment that has to be chosen in order to satisfy the assumptions of Proposition 1 does not diverge in the limit N ! 1: (i) The first step is to observe that it is sufficient to prove that ÿ 
